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Hurwitz-type relations of Iwasawa’s I;-invariants and the 2-ranks of the 
“narrow” ideal class groups in the 2-extensions of J-fields are given under the 
assumption of the vanishing of p,-invariants. 
1. INTRODUCTION 
Cyclotomic Z,-extensions of imaginary quadratic fields were studied by 
Ferrer0 [3] and Kida [ 121, and Iwasawa invariants A2 were explicitly deter- 
mined. The first result of this paper is the generalization of these results. Let 
K, be the cyclotomic Z,-extension of a J-field K, and K, its subfield of 
degree 2” over K for each n > 0. Let A *(K) denote the 2-primary part of the 
“narrow” ideal class group of K. Other notations will be defined in the next 
section. 
THEOREM 1. Let K be an imaginary J-field and F its maximal real 
subfield. Assume ,u:(F) = 0. Then ,u*(K)=O and n;(K)-6(K)= 
d”‘A “(F”) - t(F) - 1 + s,(K/F) f or all n % 0, where 6(K) is 1 or 0 
according to whether or not K, contains a primitive 4th root of unity, t(F) 
is 1 or 0 according to whether or not the ramt3cation indices in F,/Q, of 
the primes dividing 2 are all even, and s,(K/F) is the number offinite primes 
of K, which are ramified in K,/F, and do not divide 2. 
The second and the third results are Hurwitz-type relations of some values 
attached to cyclotomic Z,-extensions. In particular, Theorem 3 is a 
supplementary result to Kida [ 131. 
THEOREM 2. Let F and K be real J-fields such that K/F is a finite 2- 
extension and ,u$(F) = 0. Then ,uf(K) = 0 and 
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d’*‘A *(K”) - r(K) - 1 
= [K, : F,] . {d(*‘A *(F,) - t(F) - I} t s (e, - 1) 
for all n 9 0, where erp is the ramification index in K,/F, of a finite prime 
‘p of K, and the sum is taken over all $ which do not divide 2. 
THEOREM 3. Let F and K be imaginary J-fields such that K/F is a finite 
2-extension and ,uu;(F) = 0. Then ,uu;(K) = 0 and 
J;(K) -&W 
= [K, : F,] . {A;(F) - 6(F)} t s (eV - 1) -c (eV+ - l), 
where eS, (resp. e,,) is the ramification index in K,/F,, (resp. Kz/FL) of a 
finite prime ‘p of K, (resp. ‘p, of K&) and the sums are taken over all ‘Q 
and 13, which do not divide 2 respectively. 
Remarks. (i) Th e invariants ,u;(K) and t.tf(K) vanish when K is abelian 
over Q (Ferrer0 [2, p. 15, Theorem 2.81). 
(ii) For a real J-field K, it is conjectured that IF(K) =&(K) = 0, 
namely, the order of A *(Kn) is bounded as n goes to infinity (Greenberg [ 7, 
Introduction]). 
2. NOTATIONS 
(1) A totally real number field is called a real J-field. And a totally 
imaginary quadratic extension of a real J-field is called an imaginary J-field, 
which is also called a CM-field. 
(2) Let 1x1 denote the number of elements of a finite set X, d’*‘A the 
dimension of A/A* over Z/22 for a finite abelian group A, and e’*‘N the 
exponent of the highest power of 2 dividing a natural number N. 
(3) For a J-field K, we write C*(K) the “narrow” ideal class group, 
C(K) the “usual” ideal class group, A *(K) and A(K) the 2-primary parts of, 
C*(K) and C(K), respectively, and L*(K) and L(K) the maximal abelian 2- 
extensions unramified at all finite primes and at all primes (including infinite 
primes), respectively. 
(4) For an imaginary J-field K, we write Kt the maximal real 
subfield, J the automorphism induced by the complex conjugation, Q(K) the 
unit index, and h-(K) the minus factor of the class number. 
(5) For a real J-field K, let 2ez = (A *(Kn)]. We define two invariants 
by the following formula. 
eztl -ef =@(K) + 2” .,@(K) for all n $0. 
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For an imaginary J-field K, let 2’~ = (A( and 12~” = IA( (, where 
A (K,)- = {a E A (K,) 1 uJ = a - ’ }. We define four invariants by the following 
formulae. 
e !I+1 - e, = A,(K) + 2” . p,(K), 
e- nt1 -e;=A;(K)+2” *p;(K) for all n $ 0. 
3. SOME LEMMAS 
LEMMA 1. For each n 2 0, we can take the element 0, of Q, having the 
following properties. 
(i) 8, is totally positive and Q,, 1 = Q,((e,)“‘), 
(ii) the principal ideal (13,) is a unique prime of Q, dividing 2. 
Proof See Hasse 19, p. 571. His I,,,, is our f?,-,. 
LEMMA 2. For an imaginary J-field K, we have Q(K,+ ,) = Q(K,) for 
every n 9 0. 
Proof When K, does not contain (-1)“’ for any n 2 0, the result of 
Hasse [9, p. 72, Satz 291 proves this lemma. He treated only imaginary 
abelian fields, but his proof is also valid for imaginary J-fields. Although, we 
could not assert the validity of his proof when K, contains (-l)“* for every 
n + 0 (even when K is an imaginary abelian field). So we give a proof in 
such a case without using Hasse’s result. Let K n Q, = Q,. Then 
K n+, =K,W+.)“*) f or every n > 0. It is easily verified that Q(K,) = 2 if 
and only if 8,+ n = u . x2 with u E E(K,), x E K,. And when ee+,, = u . x2, 
applying the norm map ,K- for K,/K,-, , we have f?p+n-, = u’ . ,Y‘u . (-4 x)‘, 
where u’ E E(K,- i) is defined by 8,,,-, = u’ . NOe+n. Thus, if Q(K,) = 2, 
then also Q(K,- ,) = 2. Therefore if there are infinitely many n such that 
Q(K,) = 2, then, by the above, Q(K,) = 2 for every n > 0. 
LEMMA 3. Let F and K be imaginary J-fields such that both K/F and 
K,/F, are quadratic extensions. Let H be the proper intermediate subfield 
of K/F’ different from K’ and F. Then we have 
A.,(K) = A;(F) + G(H), p;(K) =P;@) +P~;W). 
Proof By the analytic class number formula, we have h-(K,)/{w(K,) + 
QW,,)l = h-F’,). h-W,)l{w(F,)~ w(H,). Q(F,,) . QW,,)b where w(K) is 
the number of roots of unity contained in K. It is easily verified that 
2 . w(K,) = w(F,) . w(H,) and by Lemma 2, Q(K,+ AIQWJ = 
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Q(F,,+ ,)/Q(FJ = Q(H,+ J/Q(H,) = 1 for every n % 0. Hence we have 
h-(l(,+,)/~-(~,)=h-(~~+,).h-(H,+,)/h-(F,).h-(H,). Taking the 2- 
parts, we have 
A;(K) + 2” . /q(K) = A;(F) + A;(H) + 2” . {p;(F) +,G(W) 
for every n P 0. If we let n tend to infinity we shall have this lemma. 
LEMMA 4. For an imaginary J-field K, let a(K) be the number of 
elements of C(K) invariant under J, and a,(K) be the number of elements of 
C(K) containing the ideals invariant under J. Then we have 
AMB. 1. a(K)=]C*(K+)(. 2’-‘/[E(K+)+ :I?(K+)+~?A’K]; 
AMB. 2. a,(K) = IC(K’) / . 2’-’ a Q(K), 
where E(K + ) + is the group of totally positive units of K ‘, t is the number of 
finite primes of K which are ramiJied in K/K’ and -4 - is the norm map for 
K/K+. 
Proof: See Gras [5, p. 26, Theorem 4.11. He treated a more general 
situation so the proof is somewhat complicated, but in our case the proof is 
easy. 
By this lemma, we can prove the first half of Theorem 1. Clearly 
d’2’{C(K,)/C(K,)1-J} < d’*‘C*(K,f) t t, - 1, where t, is the number of 
finite primes of K, which are ramified in K,,/Ki. Hence we have 
d’*‘C(K,) < 2 . {d’*‘C*(K,f) + t, - 11. Since t, is bounded, the boundedness 
of d’*‘C*(K,) induces the boundedness of d’*‘C(K,), namely, if ,u$(K’ ) = 0, 
we have p*(K) =,uu;(K) = 0. 
Next we prove the first half of Theorem 2. If p;(F) = 0, then 
,u,(F((-1)“‘)) = 0 by the above. Then p,(K((-1)“2)) = 0 by Iwasawa [ 10, 
p. 10, Theorem 31. Hence p?(K) = 0. 
Finally we prove the first half of Theorem 3. If p;(F) = 0, then u*(F) = 0 
by Ferrer0 [2, p. 12, Theorem 1.81. Then p*(K) = 0 by Iwasawa’s theorem as 
above. Hence p;(K) = 0. 
LEMMA 5. Let F and K beJinite algebraic number fields such that K/F 
is a finite 2-extension. Let ‘p be a finite prime of K, not dividing 2, and let 
eV and gV be its ramification index and decomposition number in K,/F,. 
TheneVe gl,= [K,:F,]. 
Proof By the properties of finite 2-groups, it suffices to show when 
K,/F, is a quadratic extension. Suppose 13 is not ramified in K,/F,. And 
consider the decomposition group of ‘$3 in K,/F. Then since it is cyclic and 
contains Gal(K,/K,) for n + 0, it does not contain Gal(K,/F,). Therefore, 
?, splits in K,/F,. 
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4. QUADRATIC CASES 
In this section, we prove the second halves of Theorems 1, 2, and 3 when 
both K/F and Km/F, are quadratic extensions. So let us assume all ,uz- 
invariants are 0 and for simplicity every prime of F (resp. K) dividing 2 is 
fully ramified in F,/F (resp. K,/K). 
4.1. First we study the case when F is a real J-field and K is an 
imaginary J-field and the following two conditions hold. 
(A) There exists a finite prime of K which is ramified in K/F and does 
not divide 2. 
(B) No prime of K dividing 2 is ramified in K/F (so that in K,/F, for 
any n 2 0). 
Then the conclusion is as follows. 
Step 1. A;(K) = d’*‘A *(F,J - s(F) - 1 + s,(K/F) for all n + 0, where 
s,(K/F) is same as in Theorem 1. 
We define a(K) for a real J-field K such that it is 1 or 0 according as 
K n+ i = K,((u)"') with a totally positive unit u of K, for every n $0 or not. 
Clearly z(K) is 1 when o(K) is 1. 
LEMMA 6. When (A) holds, we have IA(K,)/A(K,)‘-JI < 
IA* . 2tn-u(F)-1 for all n 9 0, where t, is the number offinite primes of 
K, which are ramified in K,/F,. 
Proof. When a(F) = 0, this follows directly from AMB. 1. When 
a(F) = 1, let p,, be a finite prime of F, which is ramified in K,/F, and does 
not divide 2. We take n so large that pn does not split in F,/F,. If a unit of 
F, is a norm from K,, it is also a local norm at pn so it is a square element 
in the completion of F, at pn (Cassels and FrSlich [ 1, p. 439, Exercise 1.51). 
Since a(F) = 1, we can write F,, , = F,((u)"') with a totally positive unit u 
of F, for all n % 0. Since p, does not split in F,, JF,, u is not a square 
element in the completion of F, at p,,. Hence u is not a norm from K,. 
Therefore [E(F,)+ : E(F,)+ n&-K,] > 2, where Jy denote the norm map 
for K,/F,. 
Let B(K,) be the subgroup of A(K,) corresponding to Gal(L(K,)/K, . 
L *(F,)) via Artin isomorphism. 
LEMMA 7. In general, A (K,)‘--’ c B(K,) c A (KJ for all n > 0. 
Proof. The first inclusion comes from the fact that K, - L*(F,)/F, is 
abelian. To prove the second, let b E B(K,), then the Artin symbol 
(b, L(K,)/K,) acts trivially on K, . L*(F,), hence on K, . L(F,). Using the 
isomorphism from Gal(K, . L(F,)/K,) onto Gall(L(F,)/F,) induced by the 
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norm map, we see (b ‘ +J, L(F,JF,) is trivial. Then (b’+J, L(K,)/K,) is also 
trivial. 
PROPOSITION 1. When (A) holds, we have n;(K) < d’*‘B(K,) < 
d’*‘A *(F,,) + t, - a(F) - 1 for all n B 0. 
Proof: The first inequality is clear. To prove the second, we denote for 
simplicity A (K,) by A and B(K,) by B. By Lemma 7, III/B* I= /B/II I-J1 = 
IB/A’--‘( . IA’-J/B’-JI. Clearly d’*‘A/B 2 d’2’A1-J/B1-J = e(*) IA’-J/B’-JI. 
Since a finite prime is ramified in K,,/F”, A/B is naturally isomorphic to 
A*(F,). And by Lemma 6, IB/A’-JI < 2fn-0(P)-1. 
LEMMA 8. For a given finite prime p of F not dividing 2, we can take n 
so large that (p,, L(F,,,)/F,) is a square element of Gal(L(F,JF,) for every 
prime p, of F, dividing p for every m > n. 
ProoJ We take n so large that (i) p does not split in FJF,, (ii) 
d’*‘A *(F,J is constant for every m > n (we can do this because ,aF(F) = 0), 
and (iii) the order 2’ of (p,, L*(F,)/F,) is constant for every m > n. Since 
tiS, L*(F,)/F,) = 1 for every s > r, (P~+~, L*(F,+,)/F,+,) acts trivially on 
tf+s . L*(F,). And from (ii), every quadratic extension of F,,, contained in 
L*(F,,+,) is already contained in F,+, . L*(F,). Therefore (P”+~, 
L*(Fn+,)/Fn+J E GaW*(F,+xP,+s~ L*(FJ) c GaUL*(F,+,)/F,+,)*. 
Let G, be the proper intermediate subfield of K, + ,/I;,, different from F, + , 
and K,. We easily have the following. 
LEMMA 9. When (A) holds, Q(G,) = 1 and the natural map w from 
A(F,J to A(G,) is injective for all n > 0. 
Let f!i, i = l,..., rn (resp. 'Qj, j= l,..., s,,), be all the finite primes of G, 
which are ramified in G,/F,, and divide 2 (resp. do not divide 2). Let M, 
(resp. NJ be the 2-primary part of the subgroup of C(G,) generated by the 
classes containing f!ts (resp. Vj’s). Then by AMB. 2, the order of the 
composite M,, . N,, . w(A(F,)) is IA(F,)I . 2’n+Sn-1 for all n 9 0. 
LEMMA 10. When (A) holds, we have I A(G,J/lA(FJ > 
IA*(F,)/A*(F,)*( . 2sn--r(F) for all n $0, where r(F) is same as in 
Theorem 1. 
ProoJ Clearly IN, . w(A(F,))I > IA(F,JI . 2sn-’ is always valid. When 
t(F) = 0, let K = F((a)“‘) with aEF and let Ff7QQ,=Q,. Then 
F II + , = F,((8,+J”*) for all n > 0, where 8,+, is same as in Lemma 1. Since 
every finite prime of F dividing 2 is fully ramified in F,/F, we can write for 
n > 1, (a) = u * . I-I;:, pi with some finite prime u of F,, where pj = cDj A F,, . 
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Let (8,+,) = fir: 1 lgi, where Ii = Qi n F,. Then G, = F,((a . 8,+J”*). And 
we have the decomposition ((a . 0,+,)r’*) = D . nz I 27 . nF= r ‘pi. 
Consider the natural surjection 
7~: ~o(G,YW,) + M, . N, . W(F,)MA(F,J) 
as a linear map of vector spaces over Z/22, where Z,(G,) is the group of all 
ideals of G, invariant under J and Z(F,) is the group of all ideals of F,. Then 
by AMB 2 and Lemma 9, we see that Ker rr is one dimensional. And by the 
above decomposition, we see that ((a e Be+,J1’*) modulo Z(F,) is the basis of 
Ker 7~. Since t(F) = 0, at least one of ets is odd. Hence 7c- ‘(N,, . ty(A(F,))) is 
isomorphic to N, . y(A(F,))/y/(A(F,)). Therefore (N, . y@(F,))I/IA(F,)I = 
2Sn. Let ,/Y‘ be the norm map from A (G,) to A *(F,,). Since a finite prime is 
ramified in G,/F,, -l- is surjective. And by Lemma 4, we have JV’^ (N, . 
v(A(F,))) c.4 *W2 f or all n P 0. Therefore (A (GJN, . r&4 (F,))I > 
IA *(F,)/A *(F,)* 0 and thus IA (GJ/(A (F,J/ > (A *(FJ/A *(F,,)’ ( + 2Sn-r’F’ 
for all n $ 0. 
When (A) holds, K, cannot contain (-1)“‘. Hence the analytic class 
number formula shows that h-K+,) . Q(Jk)/V-(KJ~ QK+ 4 = 
h-(GJ/12. Q(G,>l f or all n > 0. Then by Lemmas 2 and 9, we have 
h-W,+,Yh-W,) = h-(G,W f or all II $0. Therefore we have the 
following. 
PROPOSITION 2. When (A) holds, we have n;(K) > d’*‘A *(F,) - t(F) - 
1 fs,foraIf n*O. 
Now we have two inequalities for L;(K). When (B) holds, we have t, = s, 
so that d’*‘A *(FJ - a(F) - 1 + s, > n;(K) > d@‘A *(Fn) - r(F) - 1 + s, for 
all rt > 0. When o(F) = z(F), we have the equality. When o(F) = 0 and 
t(F) = 1, two cases are there. By the definition, A;(K) is also equal to the 
Z,-free rank of proj-limA(KJ, where the limit is taken with respect to 
norm maps. And by Lemma 7, it is also equal to that of proj-lim B(K,). 
Hence if the equality holds in the first inequality, proj-lim B(K,) is Z,-free, 
which contradicts the following lemma. Therefore the equality holds in the 
second inequality. 
LEMMA 11. When (A) holds and o(F) = 0 and s(F) = 1, let (8,+ ,) = bi 
with a finite prime b, of F, and let a, be the element of A *(K,,) containing 
6,. Then a* = (a, ,..., a, ,...) is an element of proj-lim B(K,) of order 2. 
Proof. If b, is principal in F, for every n > 0, we put b, = (x,). Then 
ee +,,/xi is a unit of F, and F,, , = F,((B,+,Jx:)“*) for every n > 0, which 
means a(F) = 1, a contradiction. Since IJI is injective, 6, is also non-principal 
in K, for some n > 0. Therefore a* is an element of proj-lim A(K,) of order 
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2. Since (b UJLP,lK..L~~Fn~ = Pi 9L *(-F”)/FJ = (We+ “19 L *(Fn)lFn) 
and ee+n is totally positive, we see (b,, L(K,)/K,) acts trivially on 
K, . L *(F,). Therefore a, is contained in B(K,) so that a* is contained in 
proj-lim B(K,). 
Thus, we have completed the proof of Step 1. From the above argument, 
we can deduce one more result concerning real J-fields. 
Let F be a real J-field. And let p be a rational prime number such that 
p = 3 (mod 4) and it is prime to the discriminant of F, then Step I is 
applicable to K, = F,((-p)“*) and F” for n 9 0. Since the equality holds in 
Proposition 2, we see in the proof of Lemma 10 that A(G,)/N, . ty(A(F,)) is 
isomorphic to A * (F,)/A * (F,) * under J’ and IN, . y(A(F,))I = IA (F,)I . 
2sn-r(F) for all n 4 0. And since IM,, . N, . ty(A(F,,))I = IA (F,)I . 2’n+Sn-1, 
,.Y”(M,) generates the subspace of A *(F,,)/A *(Fn)* of dimension 
r, - 1 -t r(F) for all n 9 0. In other words, we have the following. 
THEOREM 4. Let F be a real J-field such that ,u,*(F) = 0. Then the 
elements of C*(F,) containing Ii, i= l,..., r,, generate the subspace of 
C*(F,)/C*(F,,)* of dimension r,, - 1 + t(F) for all n $0, where Ii)s are all 
the primes of F,, dividing 2. 
4.2. We study next the case when F is a real J-field and K is an 
imaginary J-field and conditions (A) and (C) hold. 
(C) There exists a prime of K which is ramified in K/F and divide 2. 
Step 2. A;(K) = d’*‘A *(F,) - s(F) - 1 + sn(K/F) for all n 9 0. 
By Theorem 4, we can sharpen Propoition 1. Changing the ordering of Ii’s, 
we have the decomposition (eetn) = tu* . I, ..a I, in F,. 
PROPOSITION 3. When (A) holds, we have A;(K) < d’*‘B(K,) < 
d’*‘A *(Fn) - o(F) - z(F) - E + s, for all n s 0, where E is 1 when t(F) is 0 
and one of Ii, i = l,..., q, is not raml3ed in K,/F,, and is 0 otherwise. 
Prooj Let r; be the number of primes of K, which are ramified in K,,/F, 
and divide 2. Clearly r; < r,, and tn = r; + s,. It suffices to show 
d(*)A *-J/BI-J < d(*)A/B - { rL--l+r(F)+E} for all n$O in the proof of 
Proposition 1. Let MA be the 2-primary part of the subgroup of C(K,) 
generated by the classes containing primes of K, which are ramified in 
K,/F,, and divide 2. Let Z be the group of ideals generated by all Ii)s. 
Consider the natural map 
p: Z/Z* --) C*(F,)/C*(F,)* 
as a linear map of vector spaces over Z/22. Then the dimension of Ker p is 
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1 -r(F) by Theorem 4. When r(F) = 1, since p is injective, the subspace of 
C*(F,)/C*(FJ2 generated by ,N(M~) is of dimension r;, wher ,fl is the 
norm map from C(K,) to C*(F,). When r(F) = 0 (namely, q # 0), the above 
decomposition shows I, . a. I, modulo Z2 is a basis of Ker p. Therefore if all 
Ii, i= l,..., q, are ramified in KJF,,, then that subspace is of dimension 
r; - 1. Otherwise it is of dimension r;. Since A/@’ . B) is isomorphic to 
C*(F,)/C*(F,)* under Jv”, we see MA generate the subspace of A/(,4’ . B) of 
dimension r; - 1 + t(F) + E. In the surjection 
1 -J: (A/B)/(,4/Z3)2 -+A1-J/B’-J, 
the subspace of the left generated by MI, is contained in Ker 1 -J. Therefore 
the dimension of Ker 1 -J is not less than rl, - 1 + z(F) + E. 
Thus, we have &“A *(FJ -a(F) - 5(F) - E + s, > n;(K) > d’*‘A *(F,) - 
1 + s, for all n * 0. When o(F) = t(F) = 1, we have the equality. When 
o(F) = 0 and z(F) = 1, we have the equality in the second inequality by 
Lemma 11. When o(F) = z(F) = 0 and E = 1, we have the equality. When 
o(F) = r(F) = 0 and E = 0, we have the equality in the second inequality by 
the following lemma. 
LEMMA 12. When (A) holds and z(F) = 0 and E = 0, let a, be the 
element of A(K,) containing tu . 2, .. . I!!,, where pi is the prime of K,, 
dividing Ii. Then a* = (a,, ,..., a, ,...) is an element of proj-lim B(K,) of order 
2. 
Proof. Write K = F((a)“‘) with a E F, then as in the proof of 
Lemma 10, we have the decomposition ((a)‘12) = P . nJ!=, ‘Pj in K, for 
n > 1, where rPj is the prime of K, dividing pj. Let NL be the 2-primary part 
of the subgroup of C(K,) generated by the classes containing Vis. Let w  be 
the natural map from A(F,) to A(K,). Then similarly to Lemma 9, 
Q(K,) = 1 and w  is injective for all n > 0. Consider the natural surjection 
=:Zo(K,)/Z(F,) + W . K . w(A(F,))Iw(A(F,)) 
as a linear map of vector spaces over Z/22. Then by AMB. 2 and the above 
remark, we see that Ker v/ is one dimensional. And by the above decom- 
position, we see that ((a)“‘) modulo Z(F,) is the basis of Ker 7~. Hence 
n-‘(W . v/(A(F,))) is isomorphic to MA . y(A(F,))/ty(A(F,)). Therefore 
(M:, . y(A(F,))I/IA(F,)I = 2’;. Therefore tn . 2 I ... Q!4 is not principal so that 
a, is not trivial. Since 0,+, is totally positive and aA+’ contains (0,+ ,,), a,, is 
an element of B(K,) of order 2 for all n > 1. And clearly a* is an element of 
proj-lim A(K,). Therefore the lemma follows. 
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4.3. We consider next the case when F and K are real J-fields. 
Step 3. d’*‘A *(Kn) - T(K) - 1 = 2 . {&‘A *(Fn) - z(F) - 1 } + s,(K/F) 
for all n + 0. 
Let p be a rational odd prime number which is prime to the discriminant 
of K. Let F’ = F((-p)“‘), K’ = K((-p)“‘) and H be the proper intermediate 
subfield of K’IF different from K and F’. Then condition (A) holds in K’fK, 
F’/F and H/F. Rewrite the first formula of Lemma 3 by Steps 1 and 2, and 
we have Step 3. 
4.4. We study next the case when F is a real J-field and 
K = F((-I)“‘). 
Step 4. A;(K) = d’*‘A *(F,) - s(F) for all n 9 0. 
Proof. Let the notation be as in the proof of Lemma 10. In this case, N, 
is trivial and I&f,, . ty(A(F,))I = /A( . 2’n-1 + Q(G,) by AMB. 2. Every 
prime of G, dividing 2 must be ramified in G,/F, for all n > 0. So the norm 
map A’ is surjective and JI’“(M, . ty(A(F,))) generates the subspace of 
A *(Fn)/A *(F,,)* of d’ imension Y, - 1 + t(F) for all n 5 0 by Theorem 4. 
Therefore (A(G,)(/(A(F,)I . 2’n-1 . Q(G,) 2 IA *@‘,,)/A *(F,)2(/2’n-‘tT(F) for 
all n 9 0. 
By the analytic class number formula, we have h - (K, + ,)/h - (K,,) = 
h - (G,YQ(G,> f or all n % 0. Hence we have A;(K) > d’*‘A *(F,) - t(F) for 
all n * 0. 
When any finite prime of K, is not ramified in K,/F,,, we have 
IWGY4K,)1-JI = I~*(E;,W. Th en we have l;(K) < &*),4/B in the proof 
of Proposition 1. And in this case, since A *(I;,) is isomorphic to the direct 
product of A/B and the inertia group of some infinite prime of L(F,), we 
have d’*‘A/B = d’*‘A *(F,,) - 1. Therefore we have Step 4 in this case. When 
some finite prime of K, is ramified in K,/F” , we have IA (K,)/A(K,)’ -’ I < 
(A *(Fn)l . 2’n-’ and A/B is isomorphic to A *(Fn). Then by similar methods 
as in Propositions 1 and 3, we have l;(K) < d(*)A*(F,) + t, - 1 - 
{t, - 1 + z(F)} f or all n % 0. Thus, we have Step 4 also in this case. 
By Theorem 4 and Step 4, we can give an another proof of Greenberg’s 
result [8, p. 43, Proposition 41. 
COROLLARY. Let F be a real J-field such that ,uf(F) = 0. Then we have 
n;(F((-1)“‘)) > rca - 1, where rm is the number of primes of F, dividing 2. 
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4.5. We study next the case when F is a real J-field and K is an 
imaginary J-field such that K, does not contain (-1)“2 for any n > 0. 
Step 5. k;(K) = @‘A *(F,) - t(F) - 1 + s,(K/F) for all n 5 0. 
Let H = F((-I)“‘), K’ = K((-1)“‘) and F’ be the maximal real subfield 
of K’. Then by Lemma 3, we have 
A;(K) = A;(K’) -A;(H). 
By Step 3, we have 
d’*‘A *(FL) - s(F’) - 1 
= 2 4 (d2’A *(F,) - s(F) - 1 } + s,(F’/F) 
By Step 4, we have 
L;(K’) = d”‘A *(FL) - t(F) 
for all n + 0. 
and 
A; (H) = &“A “(F,) - 7(F) for all n % 0. 
Therefore we have 
A;(K) = dt2’A *(F,) - 7(F) - 1 + s,(F’/F) 
Since s,(F’/F) = s,(K/F), we have Step 5. 
for all n ti 0. 
4.6. Finally, we study the case when F and K are imaginary J- 
fields. 
Step 6. A;(K) - 6(K) = 2 . {A;(F) - d(F)} $ s,(K/F) - s,(K+/F+), 
where s co=lims,. 
By Steps 3, 4 and 5, we have for all n * 0, 
n;(K) - 6(K) = d2’A*(K,+) - r(K+) - 1 + s,(K/K+), 
n;(F) -6(F) = d’*‘A*(F,+) - s(F+) - 1 + s,(F/F+), 
d’*‘A*(K+)-z(K+)- 1 n 
= 2 . (d”‘A *(F,f) - s(F+) - 1) $ s,(K+/F+). 
And since s,(K/K+)- 2. s,(F/Ft)+s,(Ki/Ft)=s,(K/F)-s,(K+/F+) 
for all n % 0, we have Step 6. 
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5. GENERAL CASES 
In the preceding section, we proved Theorems 2 and 3 in the special cases 
(Steps 3 and 6). And since a finite 2-extension can be decomposed into the 
sequence of quadratic extensions, we can prove Theorems 2 and 3 by the 
induction on the degree of K,/F,. And in fact, this is merely a computation 
(for the details, see Kida [ 13, Section 41). 
6. SPECIAL EXAMPLES 
Here we study in particular the case when F = Q and K is a finite 2- 
extension over Q (of course K/Q is a Galois extension). By Weber’s theorem 
(Hasse [9, p. 29, Satz 61) we have &*‘A *(Q,,) = 0 for all n > 0 so that 
,@(Q) = 0 in particular. Since K,/Q is a Galois extension, the sum over the 
primes of K, can be replaced by the sum over the rational prime numbers. 
When K is a real J-field, by Theorem 2, we have p:(K) = 0 and 
(I) d*)A*(K,) = t(K) + 1 + [K, : Qa] . 
i 
-1 + 1 2”‘p’(1 - l/e,) 
for all n + 0, where ep is the ramification index of a prime number p in K/Q, 
n(p) = -3 + e(*)(p* - 1) and the sum is taken over all odd p. Note that by 
Lemma 4, we have ep. gp = [K, : Q,], where gp is the decomposition 
number of p in K,/Q, (not in K/Q). 
When K is an imaginary J-field, by Theorem 1 and above result for K+, 
we have p*(K) = 0 and 
(II) A;(K) =6(K) + [KL: Q,] . -1 + \’ 2*@’ . (1 - 2/e, + l/e,‘) , 
i 
where ep and ez are te ramification indices of a prime number p in K/Q and 
K’/Q, respectively, and the sum is taken over all odd p. 
Remark. When K is abelian over Q, our formula (II) has already been 
obtained by Gras [6, Proposition 5.11. 
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